On an application of the Fitting invariants  by MacRae, R.E
JOURNAL OF ALGEBRA 2, 153-169 (1965) 
On an Application of the Fitting Invariants 
R. E. MACRAE* 
Department of Mathematics, Columbia University, New York, New York 
Communicated by Dr. I. N. Herstein 
Received August 7, 1964 
1. INTRODUCTION 
Suppose that R is any commutative ring with unity element and that M 
is a finitely generated R-module. The usual way in which one investigates 
the extent to which M deviates from being free is to map a free module of 
appropriate rank onto M and to examine the module of relations. This point 
of view was exploited by H. Fitting in [4] when he defined an ascending 
sequence of invariant ideals for M which generalized the classical invariant 
factors for a finite abelian group. For our purposes, the smallest ideal in this 
sequence is the one of greatest interest. This is the invariant which generalizes 
the order of a finite abelian group. Let us denote this invariant by F(M) (see 
Section 2 for definitions). The most important formal properties of the func- 
tion F may be summarized as follows. If S is a multiplicatively closed set in R 
not containing 0, then F(M), =F(M,) where the subscript S denotes 
extension to the ring of quotients R, . If 0 + A -+ B + M + 0 is a short 
exact sequence of finitely generated R-modules and M satisfies the conditions 
(i) the annihilator of M contains a nondivisor of zero and (ii) the homological 
dimension of M is at most one, then F(A)F(M) = F(B). This is analogous 
to the fact that the order of a finite group divided by the order of an invariant 
subgroup is equal to the order of the quotient group. Finally, if M satisfies 
(i) and (ii) above and R is a noetherian ring, then F(M) is an invertible ideal 
of R. This generalizes the fact that the order of a finite abelian group is a 
nonzero integer. The details of these assertions are treated in Section 2. 
Now the multiplicative property of F on short exact sequences whose 
cokernel satisfies certain conditions shows that F bears a formal similarity 
to the notion of the rank of a module. This similarity turns out to be strong 
enough to define an Euler characteristic for long exact sequences 
* Work on this paper was partly supported by contract NSF GP1904 from the 
National Science Foundation. 
154 RPACKAE 
0 + H,, + ... - B, ---* M - 0 where the modules Bi satisfy the conditions 
(i) and (ii) of the last paragraph. Indeed, we define 
G(M) == F(B,) F(B,)-l .-a F(B,)‘-’ ji .+. . 
In order to make these constructions work we restrict ourselves to noetherian 
rings. It is then possible to show that the function G inherits many of the 
properties of F. In particular, G(M)s = G(J2,) for rnultiplicativel~ closed 
sets S not containing 0 in R, G(.-3) G(:l/l) G(B) for short exact sequences 
0 + A -B + M- 0 whose terms are in the domain of G and finally 
G(M) is an invertible ideal of R (not merely an invertible fractional ideal as 
would appear from the definition). The ideal G(M) bears a close relationship 
to the spectrum of prime ideals which belong to the null submodule of M. 
Indeed, the set of prime ideals which belong to G(M) equals the set of those 
prime ideals which belong simultaneously to the null submodule of M and 
to a principal ideal aR where a is a nondivisor of zero. These matters are 
treated in Sections 3 and 5. 
In Section 4 we define a technical generalization of the notion of homolo- 
gical dimension. Instead of permitting arbitrary projective resolutions of a 
module we consider only resolutions by finitely generated projective modules 
which possess finitely generated free complements (that is, modules P such 
that P @ R”, for some n, is a free module of finite rank). One may define the 
“free” dimension of a module M to be the length of the shortest resolution 
of ill by projective modules of the special type defined above. It is easily 
shown that the “free” dimension, if finite, equals the ordinary homological 
dimension. Furthermore, if two terms of a short exact sequence of modules 
have finite “free” dimension then so does the third. In Section 5 we show that 
a module M which has finite “free” dimension and which is in the domain 
of G has the property that G(M) is a principal invertible ideal. 
We end Section 5 with several purely module theoretic applications of the 
function G. Perhaps the most striking of these is a generalization of the notion 
of greatest common divisor to rings which are not unique factorization 
domains. Another application is a proof of the fact that if R is a local ring 
and M a finitely generated R-module of finite homological dimension whose 
annihilator has grade at most one, then any M-sequence is an R-sequence. 
The essential ideas behind the function G can, as we have indicated, be 
found in the work of H. Fitting. Recently, however, both D. Mumford and 
M. Auslander have rediscovered it in the form of equivalent constructions. 
We were fortunate to read prepublication manuscripts on the subject by 
both of them and gratefully record our indebtedness to these sources. The 
main contributions of our paper lie in several new applications of the con- 
struction and an independent elementary development of the theory. 
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2. THE FITTING INVARIANTS 
In this section R will denote a commutative ring with unity element. We 
begin by stating the definition of the invariants of H. Fitting (see [4]; p. 196). 
DEFINITION 2.1. Let P be a free R-module of finite rank n and let K 
be a not necessarily finitely generated submodule of P. If  ur , ..., u, is a free 
basis for P and p, = olilul + .. . + ainu, , i E I is a generating set for K, 
then we will denote by Fi (ur , “‘, u,/pi , i ~1) j = 0, ..., n - 1 the ideals 
of R generated by the determinants of the n -j x n -j minors of the matrix 
The next lemma shows that the above definition is invariant. 
LEMMA 2.2. LetPandKbeasisDe~nition2.I.Ifu,;~~,u,andv,;~~,v, 
are two free bases for P and pi , i E I and qi , i E J are two generating sets for K, 
then Fj (ul, . . . . u,/p,,iEI) andFj(v,;.., v,lq, , i E J) are the same ideal 
which we will denote by F,(P/K). 
A proof may be found in ([4], Hauptsatz, p. 197). 
The next lemma serves as a justification for the definition which follows it. 
LEMMA 2.3. Let M be a $nitely generated R-module and let f  : R” ---f M 
and g : R” -+ M be two epimorphisms of free modules of finite rank onto M. 
If K is the kernel off and L is the kernel of g, then F,,(R”/K) = F,,(R”/L). 
Proof. Consider the following commutative, exact diagram. 
0 0 
1 1 
K K 
1 1 
0-L-t W+R”1-+0 
1 1 
O+L+R”+M+O 
1 1 
0 0 
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The module W arises in the following way. Consider the homomorphism 
f~~g:lVk$JRn - ii/l. We let IV ox ((s, t) E R”’ ‘3 R1’ If(s) = g(t)}. It is 
now a simple matter to verify that the kernels of the projections of W onto 
R” and R” are L and K, respectively. I f  one now picks bases for Rm and R” 
and generating sets for hi andL, then it is an elementary computation to show 
that F,,(R”*jK) = F&R” ‘+3 R”/It’) =.: F&R%). 
DEFINITION 2.4. Let 111 be a finitely generated R-module. We shall 
denote by F(M) the ideal FO(RrJ/K) v, ;h ere K is the kernel of an epimorphism 
of R”” onto M. 
I,et us now explore some of the formal properties of the function F. 
LEVMA 2.5. Let M be a finitely generated R-module and let S be a multi- 
plicatively closed set of elements of R not containin<q 0. Then F(M,) = F(&Z), , 
where the subscript .Y indicates extension to the Gng of quotients R, 
Pvoqf. I f  0 ---f K - R”l ---f M- 0 is a short exact sequence then so is 
0 + K, + RSln + M, - 0. Hence F(M)S < F(M,). Conversely, if 
i _ 1 . . 
, > m is a typical sequence of ?rz elements of K, , then 
det “i’,i,j =: 1, . . . .m 
det (a.. i J’ = 1, ..., m) 
97 
=--!LL+T__--, 
We claim that the right hand side of this equation is an element 
of F(M), . Indeed, one knows that there exists an element y  in S such 
that yuilul -f ... + YX~~~ZL~,, , i =- I, ..., m are elements of K. Hence, 
Y 7n det (mi, , i,j = 1, ‘1.) nz) is an element of F(M). From this it follows 
readily that 
det(aij,i,j= I,...,~) ym det (mij, i,j = I, ... m) 
7P y”@ 
is an element of F(M)S 
LEMMA 2.6. If  0 - A -+ B - C + 0 is a short exact sequence of jinitely 
generated R-modules, then F(A) F(C) <F(B). 
Proof. Let f  : Rn” - A and g : R” ---f C be epimorphisms of free modules 
of finite rank onto A and C. Combining these morphisms we obtain in the 
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standard way an epimorphism h : Rm @ R* -+ B. This yields the commuta- 
tive exact diagram: 
0 0 0 
1 1 1 
O+K -----+L---+M-+O 
-1 1 1 
O+R~nRR”@R~-+~+O 
1 1 1 
O-,A-----+ B-C+0 
1 1 1 
0 0 0 
If one now picks bases for _R” and R” and generating sets for K, L 
and M, then one will find some of the elements of F(B) to be of the 
form det (a$*/ ? j O/&) w h ere the block in the upper left hand corner has a 
determinant which is an element of F(A) and the determinant of the block 
in the lower right hand corner is an element of F(C). One may verify that all 
elements of F(A) and F(C) may be generated in this way. Hence the conclu- 
sion of the lemma follows from standard facts about the determinants of 
block matrices. 
REMARK 2.7. If M is u jkitely generated R-module, then F(M) < 0 : M 
where 0 : M is the annihiZator of M. Further, (0 : M)* <F(M) for some m. 
Proof. Let f : R” -+ M be an epimorphism of a free module of finite 
rank onto M. If ur , *‘., u, is a free basis for R” and ai = f(uJ, i = I, ***, m 
then the typical generator of F(M) is det (ai3 , i, j = 1, e.1, m) where 
ailal + 1.1 + iYilnam =I 0, i = 1, ***, m. One now multiplies by the matrix 
of cofactors and obtains det (c+) a, = 0, K = 1, ***, m. In other words, 
det (Q) is an element of 0 : M. To prove the second assertion we note that if 
cvi, i=l, *.*) m are elements of 0 : 34 then L~I$U~ is an element of Ii; for 
i L1: 1, “‘, m. I-Ience a1 . .. a111 is an element of F(M). 
This remark shows that F is not of great interest if M is a faithful module. 
We will, therefore, restrict ourselves for the most part to unfaithful modules 
and even, for reasons which will become apparent, to modules of the 
type described in the following definition. 
DEFINITION 2.8. An R-module M is said to be coherent& ~nfuithfu~ 
if 0 : M contains a nondivisor of zero. 
The next lemma makes use of the notion of homological dimension and 
for the convenience of the reader we give a brief definition. If M is a projec- 
tive module then the homological dimension of M is zero. If M is not pro- 
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jective we say that the homological dimension of M is 1z > I if there exists 
a short exact sequence 0 - A - P + M - 0 such that P is projective and 
the homological dimension of A is n ~ 1. For a proof that this notion is well 
defined we refer the reader to [3]. W e shall denote the homological dimension 
of M by &z(M). 
LEMMA 2.9. If  M is a finitely generated, coherently unfaithful R-module 
such that dh(M) < 1, then for each prime ideal P of R the extension F(M), 
of F(M) to the ring of quotients R, is a principal ideal generated by a nondivisor 
of zero in R, 
Proof. Let 0 + K --) R” ---f M---f 0 be a short exact sequence. Let (Y 
be a nondivisor of zero in 0 : M. If  P is a prime ideal of R then we know that 
O+K,+R, m - Mp + 0 is exact. Now if N is not an element of P than 
Mp = 0 and F(M,) = R, But by Lemma 2.5, F(M,) -F(M), . We 
notice also that in this case Kp is a free R,-module of rank m. Now if 01 is an 
element of P, then it is always possible to find a prime ideal Q < P such that 
a is not an element of 0. Since dh(M) < 1, Kp is a free module of possibly 
infinite rank ([.5], Theorem 2). But M, = (M,), = 0 so (Kp)Q is a free 
module of rank m. Hence, Kp was itself a free module of rank m. Thus 
F(M,) = SR, for a suitable 6. Further, 6 is a nondivisor of zero since 
(0 : Mp)m. < SR, by Remark 2.7. To finish the proof we merely apply Lemma 
2.5 in order to show F(M,) = F(M)p 
COROLLARY 2.10. If M is as in Lemma 2.9 and R is a noetherian ring, 
then F(M) is an invertible ideal in R. 
Proof. Apply Lemma 2.9 together with ([3], prob. 11, p. 142). 
The following Proposition gives the most important property of the 
function F. 
PROPOSITION 2.11. If  0 ---f A -+ B - C - 0 is a short exact sequence of 
jinitely generated R-modules and C is a coherently unfaithful module of homo- 
logical dimension at most one, then F(A) F(C) = F(B). 
Proof. Let us first consider the case when R has but one maximal ideal. 
I f  the reader will refer back to the proof of Lemma 2.6 we will make use of 
the construction and notation there. By Lemma 2.9 and our hypotheses M 
is isomorphic to R”. It is clear that all elements of F(B) can be generated 
by elements of the form det (Q/ ? 1 O/flij) where the upper left hand 
block has a determinant which is a generator of F(A) and the determinant 
of the lower right hand block is a generator for F(C). The argument has now 
shown that for all maximal ideals P, F(A,) F(C,) = F(B,). Hence, by Lemma 
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2.5, wwm =Fm f or all maximal ideals P. The conclusion of the 
proposition now follows immediately. 
3. AN EXTENSION THEOREMFOR F 
In this section we will construct a function G from the class of finitely 
generated, coherently unfaithful modules of finite homological dimension 
to the class of invertible fractional ideals. The main properties of G are the 
following: 
(i) If &z(M) = 0, 1 then G(M) = F(M). 
(ii) If S is a multiplicatively closed subset of R not containing zero then 
W% = WQ. 
(iii) If 0 + A + B + C -+ 0 is a short exact sequence of finitely gener- 
ated, coherently unfaithful modules of finite homological dimension then 
G(A) G(C) = G(B). 
The technique to be followed is the familiar one of constructing an Euler 
characteristic. 
Throughout this section R will denote a noetherian ring. 
LEMMA 3.1. If M is a jnitely generated, coherently unfaithful R-module 
of finite homological dimension, then there exists an exact sequence 0 -+ B, -+ 
~~~-+B,-+M-+OinwhichBi,i=O, ..*, n are $nitely generated, coherently 
unfaithful R-modules of homological dimension at most one. 
Proof. The proof will run by induction on the homological dimension of 
M. If dh(M) = 0 then M = 0 since it is a direct summand of a free module 
and is annihilated by a nondivisor of zero. The conclusion is clear in this 
case. If dh(M) = 1 then let B, = M. We have 0 -+ Bo-+ M -+ 0 as the 
required sequence. If dh(M) > 1 then let OL be a nondivisor of zero in the 
annihilator of M and let B, = R”IaR*. Consider the exact sequence 
0 + K + B, + M -+ 0. Since dh(K) = dh(M) - 1 and K is clearly cohe- 
rently unfaithful, we may construct a sequence of the required type for K 
by an induction hypothesis. Now combine these two exact sequences. 
DEFINITION 3.2. Let M be a finitely generated, coherently unfaithful 
R-module. If 0 -+ B, + ... + B, + M + 0 is an exact sequence in which 
Bi , i = 0, .*., n are finitely generated, coherently unfaithful R-modules of 
homological dimension at most one then we shall denote by G(M) the 
invertible fractional ideal F(B,) F(B,)-l . . . F(B,)( - l)i . . . . 
We must now show G to be il~dependent of the particular resolution and to 
possess the properties claimed in the first paragraph of this section. 
YYOO~. Consider first the case when M == 0. In this case Proposition 2.11 
implies that the product of~(~~)(-.l~~, i=O, ..a, IL ~d~(C~)~-l~~, i -0, .*-, TV 
are both equal to R. As we have remarked before, M = 0 is exactly the case, 
dh(M) --:= 0. When &r(M) = I another application of Proposition 2.1 I suf- 
fices to establish (i). We defer for the moment the proof of (i) when 
~~(~) > 1. Note that the validity of (ii) is now clear from the definitions. 
Note also that the validity of {iv) in case the maximum of ~~(~), d~(~} and 
&(C) is at most one follows from Proposition 2.1 I and (ii). We are now going 
to complete the proofs of (i) and (iv) by a simultaneous induction on the 
lnaximum of do, do, dh(B), and am the cases when this is zero or 
one having been disposed of. Let this maximum be n > 1. If  K and I; are 
the respective kernels of the epimorphisms Be--f M and C, -+ 44 then we 
have the following commutative exact diagram. 
W is obtained in the usual way by mapping B, @ C, onto 34 and letting W 
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be the submodule of pairs both of whose components map onto the same 
element of M. Observe that the maximum of &(B,), dh(C,,), A?(K), d/z(L) and 
dh( W) is strictly less than n. Hence by the induction hypothesis, 
and 
G(K) G(C,) = G(W) = G(L) G(B,) 
G(K) = F(B,) . . . F(&)‘-l’“+’ . . . z and G(L) = F(C,) . . . F(C.)‘-l’“+l . . . . t 
Since by (ii) G(B,) = F(B,-,) and G(C,) = F(C,,) we have 
F(B,) . ..F(&)(W . . . =qq . ..JyCi)W . . . . 
This establishes the induction step for (i). In order to do the induction step 
for (iv) let 01 be a nondivisor of zero such that CA = OlB = UC = 0. Let 
D = R/c&. Now for appropriate p and q we have epimorphisms D” + A 
and Dq --f C. From these we obtain in a standard way the following commu- 
tative exact diagram. 
0 0 0 
1 1 1 
O-A’+ B’ +C’-+O 
1 1 1 
O-+Dp-+D~+q-+Dq+O 
1 1 1 
O+A-t B +C+O 
1 1 1 
0 0 0 
Note that the fact that D is either 0 or R/c&-projective is used in the con- 
struction of this diagram. By what we have just shown for (i), 
and 
G(A) = F(Dp) G(A’)-l, G(B) = F(D’+g) G(B’)-l, 
G(C) = F(Dq) G(C’)-l. 
Further, by the induction hypothesis, G(A’) G(C’) = G(B’). Hence 
G(A) G(C) = G(B). Th’ 1s completes the induction and the proofs of (i) 
and (iv). The proof of (iii) follows immediately from (i) and the correspond- 
ing property for F. 
4. FINITELY FREELY RESOLVABLE MODULES 
In the next section we will find it convenient to consider modules which 
appear as cokernels of long exact sequencesof free modules of finite rank. 
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In this section we will examine someof the properties of a closely related 
notion. R will denote always a noetherian ring. 
DEFINITIOK 4.1. Let M be a finitely generated R-module. We shall say 
that M is a coherent projective module if there exists a free module P of 
finite rank such that the direct sum M $, P is also free of finite rank. 
DEFINITION 4.2. Let M be a finitely generated R-module. \Ye shall say 
that dh*(M) = n if there exists an exact sequence 
Q+ Pn’,- ... -+P,+i%!-tO 
in which P, , i = 0, ‘.., n are coherent projective modules and there exists 
no shorter such sequence. If  no such sequence exists we say that dh*(M) = CO. 
This notion is clearly very close to that of homological dimension. 
LEMMA 4.3. Let M be a finitely generated R-module. Then 
(i) dh(M) < dh*(M) and (ii) ; f  dh*(M) is finite, then dh(M) = dh*(M). 
Proof. (i) is clear from the definition of homological dimension. 
We will show (ii) by induction on dh*(M). If  dh*(M) == 0, then the 
conclusion follows from (i). I f  dh*(M) m= 1, then there exists an exact 
sequence 0 - P, - P,, + M + 0 in which P, and P, are coherent projective 
modules. By (i) it suffices to show that dh(M) 1s not zero. If  M were projective, 
then P, would be isomorphic to the direct sum M @ P, . However, there 
exists a free module N of finite rank such that N @ P, is free. Further, 
there exists a free module L of finite rank such that P,, @L is free. Hence, 
M @ P, @ N @L is free. But this is impossible since M is assumed not a 
coherent projective module. Suppose now that dh*(M) > 1. We have a long 
exact sequence 0 --f P, - ... - P, + M - 0 where the Pi are coherent 
projective modules and n = dh*(M). Let K be the kernel of the epimorphism 
P, + M. Then we have the two exact sequences 0 - K + P,, - M - 0 and 
O+P,+...+P, --t K - 0. Clearly dh*(K) = n - 1. Hence by induction, 
dh(K) = n - 1. Thus dh(M) = n = dh*(M). 
We next show that, like the ordinary homological dimension, dh*(M) 
can be determined by taking an arbitrary resolution of M by coherent 
projective modules. 
LEMMA 4.4. Let M be a finitely generated R-module and suppose 
dh*(M)=n<a. If O+K+P,-,+...+Po-+M--+O is an exact 
sequence in which Pi , i = 0, ..., n - 1 are coherent projective modules, then K 
is also a coherent proj’ective module. 
Proof. I f  n = 0, the assertion is vacuous. When n > 0, we have an exact 
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sequence 0 -+ P,’ -+ . ..-+P.‘-+M+O in which the Pi’, i=O, “‘,n are 
coherent projective modules. Let K’ be the kernel of the epimorphism 
P,,’ + M + 0. We have two exact sequences 0 + P,’ + ... - P,’ + K’ + 0 
and 0 -+ K’-+ P,,’ ---f M---f 0. Clearly dh*(K’) = rz - 1. We have also the 
exact sequence 0 + K + Pmpl + . ..-+P.,+M+O. Let L be the kernel 
of the epimorphism P,, + M + 0. This yields two exact sequences 
O--+L-+P,+M+O and O+K+P,-,+ . ..+P.-+L+O. Consider 
the following commutative exact diagram. 
0 0 
1 1 
K’ K’ 
1 1 
O-+-L+ W+P,‘-+O 
1 1 
O+L+P,,+M+O 
1 1 
0 0 
If f : P,, --+ M and g : P,’ + M are the respective epimorphisms, then W is 
that submodule of P,, @ P,’ consisting of all pairs (a, b) such that f(u) = g(b). 
Since P,, and P,’ are, in particular, projective we have 
LOP,‘= WrK’@P,. 
Now dh*(K’ @ P,,) is at most n - I since 
O-+P,‘+ ‘.. +P,‘@P,-tK’@P,+O 
is a coherent projective resolution. By Lemma 4.3, dh*(K’ @ P,,) = n - 1. 
Hence dh*(L @ P,,‘) = n - 1. There are now two cases to consider. 
I f  n = 1 then L BP,’ is a coherent projective module. Hence L is a 
coherent projective also since P,,’ is. But K z L. In case n > 1, 
0 -+ K -+ Pnpl + ... + Pl @ P,,’ --FL @ P,,’ -+ 0 is a coherent projective 
resolution. Hence, by induction on n, K is a coherent projective module. 
Our final lemma in this section shows that finiteness of d/z* is preserved in 
kernels, cokernels, and extensions. 
LEMMA 4.5. Suppose 0 -+ A, + A, + A, -+ 0 is an exact sequence of 
jinitely generated R-modules. If  dh*(Ai) < co and dh*(Aj) < 00 for fixed 
i # j, then dh*(AK) < 00 for k # i, j. 
Proof. Let P,, -+ A, + 0 and Q0 -+ A, --f 0 be epimorphisms of coherent 
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projective modules onto “1, and A, In the usual fashion we can construct 
the commutative exact diagram. 
0 0 0 
1 1 1 
0 4 K, --f I& - K, -+ 0 
1 1 1 
0 - P, - P” @ Q” --f Q” -* 0 
1 1 1 
o-A 1 4 -A---tA,+O 
1 1 1 
0 0 0 
The proof will be by induction on &*(AJ + &*(A,). I f  this sum is zero 
then there are three cases. If  A, and d, are coherent projective modules, 
then &*(A,) < 1. If  A, and A, are coherent projective modules, then 
A, E A, @ A, and hence A, is a coherent projective module. If  A, and A, 
are coherent projective modules then iz, E A, 13 A, and rl, is a coherent 
projective. If  
then 
dh*(AJ - dh*(Aj) ,/I 0 
d/z*(&) - dh*(Kj) < dh*(ili) -+- dh*(Aj) - 1. 
(We have used here Lemma 4.4.) Hence by induction dh*(K,) < w and 
thus dh*(A,) < w. 
5. THE MAIN RESULTS 
In this section R will denote always a noetherian ring. We recall first some 
background material. 
DEFINITION 5.1. An ideal I of R is said to have grade zero if I is contained 
in a prime ideal which belongs to the null ideal of R. We say the ideal I has 
grade n if there exists a nondivisor of zero 01 in I such that the ideal I/olR in 
RjolR has grade n -- I. 
The notion of grade bears a close relationship to that of homological 
dimension as the following facts show. 
(i) (Auslander-Buchsbaum [I]) I f  R is a local ring, P is its maximal ideal 
and N is a finitely generated R-module of finite homological dimension, then 
d/z(N) < grade (P) and dh(:V) = grade (P) if and only if P belongs to the 
null submodule of AT. 
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(ii) (Rees; see, for example, Prop. A4 of [6]) I f  P is a prime ideal which 
belongs to the null submodule of a finitely generated module N, then 
grade (P) < dh(N). 
(iii) (Prop. 3.1 of [6]) I f  P is a prime ideal which belongs to the null 
submodule of a finitely generated module N of finite homological dimension 
and S is a multiplicatively closed subset of R disjoint from P, then 
grade (P) = grade (Ps). 
In Section 3 we defined a function G from finitely generated, coherently 
unfaithful modules of finite homological dimension to invertible fractional 
ideals. Our next proposition gives more detailed ideal theoretic information 
about G. 
PROPOSITION 5.2. Let M be a finitely generated, coherently unfaithful 
R-module of finite homological dimension. Then the following statements are 
valid : 
(i) G(M) is an invertible ideal of R (not merely an invertible fractional 
ideal). 
(ii) The prime ideals which belong to G(M) are precisely the same as the 
grade one prime ideals which belong to the null submodule of M. 
(iii) If dh*(M) < CO, then G(M) is a principal ideal generated by a non- 
divisor of zero. 
Proof. We prove (i) first. In Section 3 we showed that G(M) 
is of the form 1J-’ where I and 1 are invertible ideals of R. Let 
A = J : I. In order to show that G(M) is contained in R it clearly 
suffices to show that A = R. Suppose, on the contrary, that A is a 
proper ideal of R. Then A is contained in some grade one prime 
ideal P which belongs to J. I f  P contains the annihilator of M, then 
dhRp(Mp) = 1. Hence G(M,) = F(M,). F(M,) is, however, an ideal of R 
by its very construction. Now IFJ~l = G(M)r = G(M,) and A, = Jp : Ip . 
Hence 1p J;;’ is contained in R, . But this contradicts the assumption that A, 
is a proper ideal of R, . I f  P does not contain the annihilator of M then 
Mp = 0 and G(M,) = R, which again contradicts the assumption that A, 
is a proper ideal. In order to prove (ii) we note first that since G(M) is an 
invertible ideal of R it has only grade one primes belonging to it. Suppose 
first that P is a prime ideal which belongs to G(M). By localizing at P we 
may assume from the start that R is a local ring and P is its maximal ideal. It 
is clear that P contains the annihilator of M for otherwise M would be the 
null module and G(M) would be R which it is assumed not to be. Hence 
dh(M) = 1 and thus P belongs to the null submodule of M by the result of 
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Auslander-Buchsbaum mentioned at the beginning of this section. Sow 
suppose that P is a grade one prime which belongs to the null submodule of 
M. Then by localizing at P we may assume R to be Iocal and IT’ to be its 
maximal ideal. In this case, &(M) = 1. Now if P contains G(N) then 
clearly I’ belongs to G(;VZ) since G(M) 1s invertible and P has grade one. 
We claim that 17 must contain G(N). Since Q%(M) = I, G(11/3) =:-- F(M). I,et 
0 -3 R’” --f R’” -+ &f---t 0 be a minimal resolution for M. By the minimal 
nature of the resolution the matrix whose ~leterminant generates F(M) 
has all of its entries in 1’. Hence F(;LI) is contained in 1’. The proof of (iii) is 
by induction on dh*. If  dh*(;V) :: 0, then J/l -.= 0 and G(M) -- R. If  
d/r*(M) = 1, then there is an exact sequence 0 .‘-+ Rnt --•f R+, -+ 113 ---f 0. 
Now M, == 0 for some prime ideal I’ since M is coherently unfaithful so we 
see that m =:= fz. Thus G(M) is principal in this case. Suppose that 
dh*(~~) = n ::- I. Consider the short exact sequence 0 ---+ ~5-• 1@ -+ M ---f 0. 
R =: RjaR where 01 is a nondivisor of zero in 0 : M. Now dh*(K) = n 1 
so G(R) = /3R by the induction hypothesis. It is easy to see that G(@) == a”‘R. 
Hence, by Proposition 3.3 (iii), G(M) = (=“‘/fi) R. Thus G(M) is a principal 
fractional ideal and so by what we have proved above is a principal ideal. 
We state now several purely module theoretic applications of the construc- 
tions above. 
PROPOSITIOK 5.3. Let R be a local ring and M afinitely generated R-module 
of$nite homological dimension. If  the grade of 0 : n/r is at most one and cyk , ., o(, 
is an M-sequence in the maximal ideal of R thelz 01~ , ...> %?a is (in R-sequence. 
Proof. The proof will be by induction on II. I f  the grade of 0 : M is zero 
then, by Proposition 6.2 (c) of [2], ~$2 is faithful. Hence, since the annihilator 
of a1 must be contained in 0 : M, 01~ must be a nondivisor of zero. In the case 
that the grade of 0 : M is one we know by Proposition 5.2 that G(M) = BR 
where /3 is a nondivisor of zero and the prime ideals which belong to j3R are 
the same as the grade one prime ideals which belong to the null s~bmodule 
of 116. Thus 8, a1 is an R-sequence. Now since R is local we may permute 
R-sequences. Hence, 01~ is a nondivisor of zero. This takes care of the case 
n = 1. The case for grade zero is an argument communicated to me by 
Kaplansky. Since 01~ is a nondivisor of zero on both M and R by what we 
have just proved, we know by standard arguments that the homological 
dimension of ~~~~,f~~ is finite as an Ria,R-module. ‘Thus, in order to com- 
plete an inductive argument, it suffices to show that the grade of 0 : &l/u,M 
is at most one as an Rla,R-module. Now if the grade of 0 : M is zero we 
know that M is a faithful module, We wish to show that M/c+ is also 
faithful. Suppose that ~.U’/orifiJ -= 0, where y  is an element of R. Let n, , ., a,, 
be a generating set for M. Then yn, _ nlziral + I.. i- N,TT~,~,~,,~ for 
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ix 1, ...) m. Thus det(ollrij -&)is an element of 0 : M and thus zero since 
M is faithful. Evaluating the determinant shows that ym is an element of ol,R. 
Thus we see that the annihilator of M/qM is a nilpotent ideal in R/oL~R. 
But RIol,R is local and M/qM has finite homological dimension so, by 
Proposition 6.2 (c) of [2], 0 : M/ol,M contains a nondivisor of zero unless it 
is the null ideal. Since 0 : M/ol,M is nilpotent by the argument above, it must 
be the null ideal. Let us now take the case when the grade of 0 : M is one. 
If  yM/alM = 0, then by the arguments above we know that some power of y  
lies in 0 : M + ol,R. Hence the grade of the annihilator of M/cY,M as an 
R-module is at most that of 0 : M -+ oi,R. But since R is a local ring, the grade 
of 0 : M is one and 01~ is a nondivisor of zero it follows from standard facts 
about grade that the grade of 0 : M t ulR is at most two. Thus the grade 
of 0 : M/ollM as an R/a,R-module is at most one. 
We wish now to give a generalization of the theory of the greatest common 
divisor. In the classical case an element OL of an integral domain is said to be a 
common divisor for a set of elements 0~~ , ... if the ideal generated by 01~ , ... 
is contained in the ideal generated by 01 and is said to be a greatest common 
divisor if it is divided by all other common divisors of CQ , ... . Our main 
point of generalization lies in replacing the principal divisor olR by an inver- 
tible ideal. R will denote, as before, a noetherian ring. 
DEFINITION 5.4. Let I be an ideal of R. An invertible ideal J of R is said 
to be a common divisor of I if I is contained in J and is said to be a greatest 
common divisor of I if it is contained in all other common divisors of I. 
We remark that the uniqueness of the greatest common divisor is imme- 
diate. The next proposition concerns itself with the existence of the greatest 
common divisor under quite reasonable conditions imposed on I. 
PROPOSITION 5.5. Let I be an ideal of positive grade and finite homological 
dimension. Then G(R/I) is the greatest common divisor for I. 
Proof. The hypotheses imply that R/I is a finitely generated, coherently 
unfaithful module of finite homological dimension. Hence G(R/I) is an 
invertible ideal by Proposition 5.2 (i). We wish to show that I is contained 
in G(R/I) and for this it suffices to show that G(R/I) : I is equal to R. I f  
not, there is a grade one prime ideal P belonging to G(R/I) which contains 
G(R/I) : 1. By passing to R, we may assume from the start that R is a local 
ring whose maximal ideal P has grade one. In this case I is a principal ideal 
and thus G(R/I) = I. This contradicts the assumption that G(R/I) : I is 
proper. Hence G(R/Z) is a common divisor for I. Suppose that J is some 
other common divisor for I. We must show that G(R/I) is contained in J. 
Again it suffices to show that J : G(R/I) is equal to R. I f  not J : G(R/I) is 
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contained in some grade one prime ideal P belonging to J since the inver- 
tibility of J implies that it has only grade one prime ideals associated with it. 
By passing to N, we may assume that R is local and its maximal ideal is of 
grade one. In this case, however, G(Ril) = f and thus 1 : G(RfI) cannot be 
proper and we have a contradiction. 
Pro$ This folIoas immediately from proposition 5.5 and proposition 
5.2 (iii). 
6. APPENUIX 
On various occasions in the preceding sections we have made use of the 
notion of an invertible ideal in a ring with zero divisors. Although the theory 
of such ideals in integral domains is well known, the generalization to rings 
with zero divisors does not appear to be readily available in the literature. 
The main facts are quite simple and we present them here for the reader’s 
convenience. 
DEFINITION 6.1. Let R be arty commutative ring with unity element. 
We say that an ideal f of R is invertible if If-t = R where I-* consists of ail 
elements 4 in the total quotient ring of R such that 9-r is contained in R. 
Proof. By ([3], Chap. VII, Prop. 3.1), an ideal I is projective if and only 
if there exist.fr , .I’ in Horn (I, R) and x1 , .t- in 2 such that ~$~(a~) + 1.1 == cy- 
for all Y in 1. When f contains a nondivisor of zero we may clearly assume that 
the sets of .fi and oli are finite and that fi(zl) +- ....fFa(an) = 1. Suppose first 
that I is projective and contail~s a nondivisor of zero. As above we have 
fi(cxl) + . . * + fn(sn) = 1, where we can write the equation since the existence 
of a nondivisor of zero in I implies that 0 : I = 0. Let 01 be such a nondivisor 
of zero. Let qi =fi(a)/~, i = I, -.., n. Observe that qi, i = 1, e.1, n are 
elements of 1-r and qiiyr + ... + Q,,,- tl ‘y. = I. Hence 1 is invertible. Conver- 
sely, suppose that I is invertible. We are given qi , i =: 1, ‘.., n in I-1 such that 
ql”l t .‘. + T~~;x, --  ^1 for suitable choice of cii , i = I, ..., n in I. Let 
f&3) = q&3, i = I, ..., n and all @ in I. We see thatf,(c+) + *A. -.[-fn(zlJ = 1. 
This shows that I is projective. In order to exhibit a nondivisor of zero in I, 
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write qi = &//I, i = 1, “‘, n where 6 is a nondivisor of zero. We see that 
&cxl + ... I pnol% = fi and thus p is an element of I. 
COROLLARY 6.3. Let R be a noetherian ring. An ideal I in R is invertible if 
and only if I, is invertible in R, for all maximal ideals P in R. 
Proof. This follows immediately from Problem 11, Chap. VII of [3] 
and Proposition 6.2 just proved. 
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